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Abstract
Giving a limited data set, how to derive its properties 
is what we are interested in this study. Although 
because of the increasing power of computers and 
internet, collecting a huge number of data such that a 
database becomes a data warehouse is a common 
phenomenon, especially in industries, it cannot be 
denied that there were drastic disasters such as 
terrorist attacks, nuclear plants explosion which 
happened statistically few, yet resulted in incredible 
lost in many ways. How to analyze such data so that 
their patterns can be revealed and predicted is what 
we concerned. Based on Possibility Theory we have 
obtained some results that are reported in this paper 
with the discussion of its possible extension and 
applications. 
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1. Introduction 
Analysis is a separating or breaking up of any whole 
into its parts, esp. with an examination of these 
parts to find out their nature, proportion, function, 
interrelationship, etc..  Based on this idea, a method 
is proposed by using a defined set division to 
systematically decompose a given set into smaller 
values, yet with higher density. Then based on 
Possibility Theory, a proper membership function can 
be approximated to infer the possible patterns of the 
given data set.  
In the following sections, after the preliminary 
concepts and theorems on set division are proposed 
and developed in Section 2, in Section 3, the 
properties and pattern of the resultant data are 
discussed and discovered. Then, in Section 4, a 
method to approximate a membership function is 
proposed with an algorithm. The numerical examples 
are presented in Section 5.  Finally, conclusion and 
discussion are drawn in Section 6.   
2. Concept of Set Division
Giving a data set A, without loss of generality, the set 
is sorted in an ascending order i.e., 1i ia a   with  
the number of appearance ik  of each value ia  as 
 ^ `| , ,1i i i iA a k a k i N   d d\ ` . Thus, A is 
an ascending sequence. Also, let us consider another 
set ^ `1,B b  with an arbitrary integer 1b ! .
A mode represents the most likely occurred datum, 
then the set division resultant from A by B will 
produce the most frequently occurred datum on the 
mode, then with the relative frequencies of other data, 
they would provide a possible distribution of the 
variable. Since there could be multiple modes [11]., let 
us define a referenced mode as 
 ^ `mod( ) min max ,1
i i
i i
a k
A a k i N
 
 d d
\ `
. Then 
without loss of generality each element of A  is 
translated by subtracting from mod( )A  to obtain an 
equivalent sequence as 
A’={a’(ki)|a’R, kiN, 1iN},
where a’=ai-mod(A); a’i<a’i+1                 .  (2.1) 
Definition 2.1 Set Division
Given  ^ `' ' '| , , 1
i ii i
A a k a k i N   d d\ `
and ^ `1,B b  with 1b ! , the set division of A’ by 
B is defined by 
     
'
' ' '
' '
, | ,
: ,
, 1,1
i
i ii i
i
a
a k k a A
A B Ab
b
k b i N
­ ½­ ½° ° ° ° ­ ½® ¾ {® ¾ ® ¾° °¯ ¿ ¯ ¿° ° ! d d¯ ¿
\
`
.                                   (2.2)
Let
' ( )(:) ,ttZ A B t{  `  denote the t  times 
division by B , then 
Lemma 2.1 If
' ( )(:) ttZ A B{  for all t` , then 
   ' '1sup , inft N tZ a Z a  .
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This lemma says that when doing set division 
between 
'  and A B  under the conditions of '0 A
and  inf 1B  , the upper and lower bounds of the 
quotients tZ  remain the same for all t` .
Lemma 2.2 Let
'A
b
 be a set that the elements in 
'A
are divided by b , then cardinality 
'
' ,
t
A
A t
b
  ` .
Theorem 2.1 
'2 * ,ttZ A t  `
Based on these properties, in the following section 
we shall derive the possibility distribution [2] of the 
sequence
'A .
3. The Approximate Pattern of the 
Distribution
Given 
 ' (:)
t
tZ A B{ , let 
 ^ `| , ,1 ,
t t t tt q q q q
Z z f z f q Q t   d d  \ ` `
where
tq
f  is the frequency of appearance of each 
quotient 
tq
z  , then the values of the elements of tZ
for each t can be sorted in an ascending order 
   ^ `1 1 1, , , , , ,t t tt tp Qp pz z z z z " "  where tpz  is 
the mode of tZ .
Definition 3.1 The Derived Possibility Function
Let F be a universe of discourse and tZ F . We 
define the relative frequency of appearance of each 
datum 
tq
z  as the degree of compatibility of 
 
t tq q
z f , then a derived possibility function 
( )
t tZ q
zS  defined by ( )
t tZ q
zS : > @0,1F o  is 
postulated by  
( ) / ,1  with 
t t tZ q q t
z f Z q Q tS  d d of .
Theorem 3.1 Given
 ^ `' ' '| , ,1
i ii i
A a k a k i N   d d\ ` ,
^ `1,B b  with 1b !  and 
 ^ `| , , 1 ,
t t t tt q q q q
Z z f z f q Q t   d d  \ ` `
, when ( ) /
t t tZ q q t
z f ZS  ,
 1' 0 1
t tZ q
A zS

d  d  and  0
t tZ q
zS   is 
maximal in ( )
t tZ q
zS .
Lemma 3.1
     1 1lim 0, lim 0.t tt tZ Zp pt tz zS S of of  
Theorem 3.2  The Nested Structure 
Let
'
| , 0,1, 2, ,j j j
A
s s j T
b
­ ½
{  ® ¾
¯ ¿
"  denote the 
 1T   subsets of  
' ' ' ' '
' ( ) '
2 2
( 1)
1! 2!
(:) , , , , , , , ...,TT T
T T T
times times
A A A A A
Z A B A
b b b b b

­ ½­ ½ ­ ½
° °° ° ° °
° ° ° ° ° °{  ® ® ¾ ® ¾ ¾
° ° ° ° ° °
° ° ° ° ° °¯ ¿ ¯ ¿¯ ¿
" "
	
 	

.
Then for each 0,1,2, ,j T " ,  there exists an 
interval    inf , supj j jI s sª º ¬ ¼  such that 
1j jI I  .
Corollary 3.1 Let
'
* , 0,1, 2, ,j j
T A
s j T
j b
§ ·
  ¨ ¸
© ¹
"  where
'
'
j
A
A
b
 
then  
strictly increasing 
1
when 0, ;
2
If  is even, is
strictly decreasing 
1
when , ;
2
strictly increasing 
1
when 0, ;
2If  is odd, is
strictly decreasing 
when
j
j
T
j
T s
T
j T
T
j
T s
­
° ª  º« »° « »« »° ¬ ¼¬ ¼®
° ª  ºª º°  « »« »° « »¬ ¼¯
ª º « »¬ ¼ .
1
 ,
2
T
j T
­
°
°
°
°
°
°°
®
­°
°°
°° °
®°
°° ª º° ° « »° ¬ ¼° ¯¯
.
Theorem 3.3 For large t , the distribution of 
( ),1
t tZ q
z q QS d d  is multi-modal. 
4. A Data Construction Procedure 
Based on the properties derived from the previous 
sections, in this section we shall develop a procedure 
to construct a function which represents the pattern of 
the data set. 
From Chebyshev’s Inequality [1], when V  is the 
standard derivation of the elements in tZ and 
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1 , 0w
k
H H    !  is the lower bound of the 
percentage which the elements in tZ  fall in the 
range of  ,k kV V ,  we can define a stopping 
rule as: ^ ` 21, 1tqP z k w w kV Hd t    .  Then,
a data construction procedure is proposed below:  
Data Construction Procedure :
Step  0: Given a k>1, İ >0 and set t =1 
Step 1: Input a data set 
 ^ `| , ,1i i i iA a k a k i N   d d\ `
sorted in an ascending order and determine an 
arbitrary set ^ `1,B b  with 1b ! .
Step 2: Take  ^ `mod( ) min max ,
i i
i i
a k
A a k
 
 
\ `
 1iN
and translate A  into 
 ^ `' ' '| , , 1
i ii i
A a k a k i N   d d\ `
where  ' mod
i i
a a A  .
Step  3: Let 
' ( )(:) ,ttZ A B t{  `  and set 
  Pr mod
tq t
z Z k wV d t .
Step 4: If   Pr mod
tq t
z Z k wV d t , to to 
Step 5; otherwise t= t + 1 and go to Step 3. 
Step 5: Use the Least Square Fitting Method [1] to 
approximate the pair value   ,
t t tq Z q
z zS
to have fitting function  .
Step 6: Move   with the distance  mod A  in 
\  and get a proper membership function. 
5. Numerical Example 
Giving a data set {16,17,20,20,23,24}A   and 
let ^ `1, 2B  . Because the mode of A  is 20, we 
translate A  into ^ `' 4, 3,0(2),3, 4A    . It is 
noted that the set is symmetric to the mode. Then by 
takeing  1.5k   and 90%w  , the division 
procedure stops at 3t   as listed in Table.1 and the 
possibility distribution is shown in Figure 1 below: 
    Table 1 Results of 5 divisions  
t R Sq  -1.5 ,1.5V V W
1 19.2% (-3.42, 3.42) 0.83 
2 62.9% (-2.7, 2.7) 0.83 
3 59.4% (-2.15, 2.15) 0.92 
4 77.4% (-1.92, 1.92) 0.88 
5 78.8% (-1.34, 1.34) 0.88 
ˣ̂̆̆˼˵˼˿˼̇̌ʳ˗˼̆̇̅˼˵̈̇˼̂́
ˀ˃ˁ˄
˃
˃ˁ˄
˃ˁ˅
˃ˁˆ
˃ˁˇ
ˀˈ ˀˇ ˀˆ ˀ˅ ˀ˄ ˃ ˄ ˅ ˆ ˇ ˈ
̍̄̇
˹̄
̇˂
̏
̇˭̏
̇ː˄
̇ː˅
̇ːˆ
̇ːˇ
̇ːˈ
Figure 1 The possibility distribution 
By using the least square fitting method, fit each 
modal crest of normalizing to 1 and move the function 
with the distance 20 (mode), then the approximated 
membership function F can be obtained as shown in 
Figure 2.and 
2(-1.05-0.041*x )11.2*10 ,F   x[16,24] 
can be used to represent the data set of 
{16,17,20,20,23,24}A  .
 Figure .2  The approximated membership function 
From the result of the approximated membership 
function, it can be observed that the larger the value of 
t , the more are the data generated and the more 
centralized the data is.  This phenomenon matches 
the Central Limit Theorem in Probability Theory . As 
regards the number of divisions, it can be noted that 
with very few iterations, the desired number of data 
can be generated with the prospective properties 
which are used to approximate an appropriate function 
with reasonable degrees of correlation. 
    If less iterations are required, increasing of the 
numbers of elements in set B will speed up the 
process.
6. Conclusion and Discussion 
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   This paper presents a systematic approach to data 
construction by set division, which is inspired by the 
basic concept of analysis. Therefore, when the given 
data are few that the axioms of Probability Theory fail, 
the proposed method may provide a tool to discover 
the pattern with reasonable accuracy and efficiency. 
 Too much data to become a data warehouse or too 
few data as a rare event has become a critical issue 
because the conventional Probability Theory cannot 
be applied directly.  Data Mining used for data 
warehouse has been drawn much attention of the 
researchers; yet rare events with high cost of 
occurrence have not been studied in the literature. 
Based on Possibility Theory, this paper presents 
preliminary results on this issue.  Further study on 
discovering more basic properties of the distribution 
of the generated data and its potential applications will 
be carried out. 
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